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Warm inflation is analyzed in the context of Loop Quantum Cosmology (LQC). The bounce in
LQC provides a mean through which a Liouville measure can be defined, which has been used
previously to characterize the a priori probability for inflation in LQC. Here we take advantage of
the tools provided by LQC to study instead the a priori probability for warm inflation dynamics
in the context of a monomial quartic inflaton potential. We study not only the question of how
a general warm inflation dynamics can be realized in LQC with an appropriate number of e-folds,
but also how such dynamics is constrained to be in agreement with the latest cosmic microwave
background radiation from Planck. The fraction of warm inflation trajectories in LQC that gives
both the required minimum amount e-folds of expansion and also passes through the observational
window of allowed values for the tensor-to-scalar ratio and the spectral tilt is explicitly obtained. We
find that the probability of warm inflation with a monomial quartic potential in LQC is higher than
that of cold inflation in the same context. Furthermore, we also obtain that the a priori probability
gets higher as the inherent dissipation of the warm inflation dynamics increases.
I. INTRODUCTION
The inflationary scenario [1] is the current paradigm
for the evolution of the early universe. Inflation is able
to explain several puzzles of the standard Big Bang
cosmology, solving the horizon and flatness problems
and explaining the origin of inhomogeneities in the uni-
verse, leading to large scale structure formation, based
on causal physics. Despite of its great success, standard
inflation has always been challenged by several concep-
tual problems since its inception. The need for a large
amount of fine-tuning in the parameters of the model,
the difficulties associated with the process of reheating
and the problem in determining an appropriated mea-
sure with which one can determine probabilities [2], are
some of the problems which has been topic of much de-
bate [3–5]. In addition, after the Planck results [6, 7],
some of the simplest inflationary models, like the mono-
mials quadratic and quartic potentials for the inflaton
field, were also disfavored by the data.
It is interesting to note that some of the aforemen-
tioned problems have been analyzed in the context of
warm inflation (WI) dynamics. WI [8] differentiates it-
self from the usual cold inflation (CI) picture by account-
ing for the possible nonequilibrium dissipative processes
emerging from the microscopic dynamics of the inflaton
field and its necessary couplings to other particle fields
degrees of freedom. It has been shown that nonequilib-
rium dissipation still during the slow-roll evolution of the
inflaton field can be potentially strong enough to produce
a quasi equilibrium thermal radiation bath during infla-
tion. Along with the produced dissipation effect, this can
strongly affect the dynamics of inflation both at the back-
ground and perturbation levels (for reviews on WI, see,
e.g., Refs. [9, 10]). WI has much developed in recent years
such as to be able to provide insights on some outstanding
problems related to the inflationary picture and which CI
cannot directly answer. Some of these insights include for
example the question of eternal inflation in the context
of WI [11], a solution for the so called η−problem [12]
that appears in supergravity or string inflation models,
the role of dissipation in selecting favorable inflationary
trajectories and in alleviating the fine-tuning problem of
inflation [13, 14] (see also Ref. [15] for a recent detailed
analysis of the effect of dissipation and stochastic noise
effects, typical of warm inflation dynamics, in setting ini-
tial conditions for inflation). This latter point is also
connected with the naturalness of inflation. It intends to
address the question of whether a sufficient duration of
slow-roll dynamics can occur naturally or if it requires
a careful fine-tuning of initial parameters. Already in
Ref. [16] it was shown that inflation can be more general
in the presence of dissipation. As it is well known [17–
21] WI is also able to decrease the tensor-to-scalar ratio
value, rehabilitating several models ruled out in the CI
context by the Planck data. In particular, recently in
Ref. [22] it was analyzed how several primordial inflaton
potentials can be rendered compatible with the recent
Planck data in the context of WI.
In spite of all the progress made in CI and WI, neither
can address one of the most important aspects of the Big
Bang cosmology, the singularity problem, which is in fact
a problem related to the General Relativity (GR). For
any equation of state obeying the strong energy condition
p > −ρ/3, regardless of the geometry of the universe, the
scale factor in a Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) metric vanishes at t = 0, and the matter den-
sity diverges, leading to a collapse in FLRW geometry. In
fact, all the curvature invariants become singular, which
is the reason why this is called the Big Bang singularity
problem. However, it is common sense that in approach-
ing the Big Bang singularity we should enter in a regime
where modifications of GR are important, since ultravi-
olet effects are expected to become relevant in the large
curvature regime. It was shown that in some scenarios
these effects can smooth the Big Bang singularity. In
particular, one of these scenarios, which is believed to be
a possible candidate for a quantum theory of gravity, is
Loop Quantum Gravity (LQG) (see, e.g., Refs. [23, 24]
for some recent reviews). LQC arises as the result of ap-
ar
X
iv
:1
80
5.
05
98
5v
1 
 [g
r-q
c] 
 15
 M
ay
 20
18
2plying principles of LQG to cosmological settings (see,
e.g., Refs. [25–27] for recent reviews). In LQC, which
is the formalism we will be focusing in this work, the
quantum geometry creates a brand new repulsive force
that is totally negligible at low space-time curvature but
rises very rapidly in the Planck regime, overwhelming the
classical gravitational attraction. In cosmological mod-
els, while Einstein’s equations hold to an excellent degree
of approximation at low curvature, they undergo major
modifications in the Planck regime: For matter satisfying
the usual energy conditions any time a curvature invari-
ant grows to the Planck scale, quantum geometry effects
dilute it, thereby resolving singularities of GR [25, 28–30].
In addition, as shown in Refs. [31, 32], the ambiguity in
defining a measure present in GR is naturally resolved in
LQC because in these scenarios the Big Bang is replaced
by a Big Bounce, and the bounce surface can be used to
introduce the structure necessary to specify a satisfac-
tory Liouville measure. Using this feature, the authors
in Ref. [32] then makes a detailed investigation of what
would be the a priori probability of a sufficiently long
slow roll inflation in LQC which is compatible with the
data. Taking a monomial quadratic inflaton potential as
an example, they then showed that the a priori probabil-
ity of having enough inflation (i.e., such that the number
of e-foldings is Ne & 67 as considered in Ref. [32]) is very
close to one. The probability problem of inflation in LQC
was also subsequently investigated in Ref. [33], while in
Ref. [34] a throughout interpretation of the Liouville mea-
sure provided in LQC was given (see also Refs. [35, 36]
for a different approach for determining the probability
of inflation in LQC).
In the present work, we make a detailed analysis of
the dynamical system of equations for inflation in LQC,
including dissipative effects in the context of WI. By tak-
ing advantage of the fact that LQC provides a well de-
fined measure with which one can compute probabilities
for trajectories in phase space to have some minimum
number of e-folds, we then apply that for WI. We firstly
analyze the fraction of solutions in the phase space which
gives the expected amount of inflation, as done in previ-
ous works in the context of CI [32, 33]. Then we go a step
further and obtain also the fraction of those trajectories
in WI that is consistent with the Planck data, i.e., those
trajectories that cross the observational window of values
for the tensor-to-scalar ratio r and the spectral tilt ns.
This is done in particular for the chaotic monomial quar-
tic inflaton potential in the context of WI. Recall that
even though LQC can predict that inflation can be quite
natural with such potential, giving a probability quite
close to one for obtaining at least the minimum num-
ber of e-folds needed to solve the flatness and horizon
problems, the quartic potential in CI is well excluded by
the Planck data [7]. Thus, even in LQC, there would be
simply a vanishing probability of rendering this poten-
tial in CI compatible with the present observational data
As already mentioned, in WI the monomial quartic po-
tential can be rendered compatible with the observations
as a consequence of dissipative effects. See in particular
Refs. [18, 37] for two particular realizations in the context
of WI which we will also consider in the present work.
Thus, we not only access the probability of WI in LQC,
but also its viability when enforcing that those inflation-
ary trajectories should necessarily satisfy the observa-
tions. Although there have been some previous studies
of WI in LQC [38–44], none of these works have focused
on the questions we aim to answer in this work and, in
particular, on the probability of WI in LQC. In addition,
we also make use here of the most well motivated forms of
the dissipative dynamics in WI, as derived by successful
microscopic dynamics in nonequilibrium quantum field
theory applied to WI model building.
This paper is organized as follows. In Sec. II, we briefly
introduce some of the key expressions in LQC and the re-
spective dynamics in the context of WI. Both the basic
background quantities and the results for the primordial
power spectrum in WI are given. In Sec. III, we give
some examples of evolution in the LQC context and ob-
tain the relevant input to be used in the computation
of the probability, based on the Liouville measure intro-
duced in Refs. [31, 32]. In Sec. IV, we compute the a
priori probability of WI in LQC for different dissipation
models, focusing on the cases leading to consistency with
the Planck results. Finally, in Sec. V, we give our conclu-
sions and comment on possible extensions of this work.
II. WARM INFLATION IN LQC
Let us start this section by very briefly reviewing some
of the relevant results from LQC that will be useful for
us. Then, we will also present some of the equations and
corresponding dynamics of WI.
A. LQC dynamics
In LQC cosmological models are quantized using the
methods of LQG. Below, we follow Ref. [32] in order
to briefly introduce the modification of the Friedmann’s
equation in LQC. The spatial geometry in LQC is en-
coded in the volume of a fixed, fiducial cubic cell, rather
than the scale factor a, denoted by
v =
4V0a3M2Pl
γ
, (2.1)
where V0 is the comoving volume of the fiducial cell, γ
is the Barbero-Immirzi parameter of LQC, whose nu-
merical value we set as given by γ ' 0.2375, obtained
from black hole calculations [45], and MPl ≡ 1/
√
8piG =
2.4×1018GeV is the reduced Planck mass. The conjugate
momentum to v is denoted by b and it is given by
b = − γP(a)
6a2V0M2Pl
, (2.2)
3where P(a) is the conjugate momentum to the scale fac-
tor. The variables v and b satisfy the fundamental Pois-
son bracket, {v, b} = −2. The equation of motion for v
is given by [25]
v˙ =
3v
γλ
sin(λb) cos(λb), (2.3)
where λ is the constant
λ2 =
√
3γ
2M2Pl
. (2.4)
The solution of the LQC effective equations implies that
the Hubble parameter can be written as
H =
1
2γλ
sin(2λb). (2.5)
In LQC, b ranges over (0, pi/λ) and GR is recovered in
the limit λ→ 0. The energy density ρ relates to the LQC
variable b through
sin2(λb)
γ2λ2
=
1
3M2Pl
ρ, (2.6)
which combined with Eq. (2.5), leads to the Friedmann’s
equation in LQC,
1
9
(
v˙
v
)2
≡ H2 = 1
3M2Pl
ρ
(
1− ρ
ρcr
)
, (2.7)
where
ρcr =
3
γ2λ2
M2Pl =
2
√
3
γ3
M4Pl. (2.8)
We now see explicitly from Eq. (2.7) that the singularity
is replaced by a (quantum) bounce when H = 0 and the
density reaches the critical value ρcr. In particular, for
ρ  ρcr we recover GR as expected. It is important to
stress that the expression (2.7) holds independently of
the particular characteristics of the inflationary regime.
B. WI background dynamics
In WI it is important to account explicitly for the pres-
ence of radiation. Hence, the total energy density in
Eq. (2.7) is given by
ρ =
φ˙2
2
+ V (φ) + ρR, (2.9)
which accounts for the presence of the radiation fluid and
the scalar field (the inflaton) φ. In this work we are going
to consider explicitly the monomial quartic potential for
the inflaton
V (φ) =
Λ
4
(
φ
MPl
)4
, (2.10)
where Λ/M4Pl denotes here the (dimensionless) quartic
coupling constant. The inflaton field φ and the radiation
energy density ρR form a coupled system in WI dynamics,
with background evolution equations given, respectively,
by
φ¨+ 3Hφ˙+ Υ(φ, T )φ˙+ V,φ = 0, (2.11)
ρ˙R + 4HρR = Υ(φ, T )φ˙
2, (2.12)
where Υ(φ, T ) is the dissipation coefficient in WI, which
can be a function of the temperature and/or the back-
ground inflaton field. We will define below explicitly the
two cases of dissipation coefficient we will be considering
in this work. For a radiation bath of relativistic particles,
the radiation energy density is given by ρR = pi
2g∗T 4/30,
where g∗ is the effective number of light degrees of free-
dom (g∗ is fixed according to the dissipation regime and
interactions form used in WI).
The dissipation coefficient Υ in Eqs. (2.11) and (2.12)
embodies the microscopic physics resulting from the in-
teractions between the inflaton and the other fields that
can be present and accounts for the nonequilibrium dissi-
pative processes arising from these interactions [9, 46]. In
particular, we have two relevant cases of dissipation origi-
nating from previous explicit quantum field theory model
building for WI. In the first case, the inflaton is coupled
to heavy intermediate fields, that are in turn coupled to
light radiation fields. As the inflaton slowly moves ac-
cording to its potential, it can trigger the decay of these
heavy intermediate fields into the light radiation fields
and generates a dissipation term for the inflaton [47]. In
this case, the resulting dissipation coefficient can be well
described by the expression [9, 46, 48]
Υcubic = C3
T 3
φ2
, (2.13)
where C3 is a dimensionless parameter that depends
on the interactions specifics. Hereafter we refer to the
above Υcubic as the cubic dissipation coefficient. This
is obtained in the so-called low temperature regime for
WI [9, 46, 48], in which the inflaton only couples to the
heavy intermediate fields, whose masses are larger than
the radiation temperature and, thus, the inflaton gets de-
coupled from the radiation fields. Typically, to be able
to generate large enough dissipation through the above
mechanism, it is required in general a large number of
heavy intermediate fields [48]. This then reflects in the
fact that for relevant dynamics leading to WI in this case,
the constant C3 in the Eq. (2.13) is typically a very large
number.
More recently, it was realized another mechanism able
to lead to a successful WI regime that requires minimal
field content [37]. In Ref. [37] an explicit WI model re-
alization in particle physics was constructed. It is based
on a construction used in Higgs phenomenology beyond
the standard model, which uses a collective symmetry
where the inflaton is a pseudo-Goldstone boson. In this
case the inflaton can be directly coupled to the radiation
4fields and gets protection from large thermal corrections
due to the symmetries obeyed by the model. The result-
ing dissipative coefficient, here obtained in the so called
large temperature regime (where the fields coupled to the
inflaton are light with respect to the ambient tempera-
ture), is given simply by [37]
Υlinear = C1T, (2.14)
where C1 is again a dimensionless parameter, like C3 in
Eq. (2.13), that depends on the specific interactions of the
model and that leads to Eq. (2.14) (see, e.g., Ref. [37] for
details). In general we have that C1  C3, reflecting the
smaller field content required here as compared with the
cubic form of the dissipation coefficient. Hereafter, we
refer to the above equation (2.14) as the linear dissipation
coefficient.
C. The scalar curvature power spectrum in WI
In WI not only the background dynamics gets mod-
ified, but also the primordial power spectrum can be
strongly influenced by the presence of the dissipative ef-
fects and the produced radiation bath. WI at the pertur-
bation level has been studied by many works previously
(see, e.g., Refs. [49–53]). The power spectrum in WI can
be written explicitly as [17]
∆R=
(
H2∗
2piφ˙∗
)2(
1+2n∗+
2
√
3piQ∗√
3+4piQ∗
T∗
H∗
)
G(Q∗), (2.15)
where Q∗ denotes the ratio
Q∗ =
Υ(T∗, φ∗)
3H∗
. (2.16)
The subindex “∗” indicates that the quantities are eval-
uated at Hubble radius crossing. The quantities in the
primordial power spectrum of Eq. (2.15) are then eval-
uated when the relevant CMB modes cross the Hubble
radius around N∗ ≈ 50 − 60 e-folds before the end of
inflation. In this work we will consider N∗ = 60 for defi-
niteness. In Eq. (2.15), n∗ denotes the inflaton statistical
distribution due to the presence of the radiation bath.
Here, as also in previous works (e.g., like in Ref. [22]), we
will assume a thermal equilibrium distribution function
n∗ ≡ nk∗ for the inflaton and, thus, it assumes the Bose-
Einstein distribution form, n∗ = 1/[exp(H∗/T∗)− 1]. In
fact, as shown recently in Ref. [54], due to the presence
of the radiation bath and the inflationary dynamics it-
self in WI, there can always be a nonvanishing statistical
distribution for the inflaton which can be close to the
thermal one, even if the inflaton interaction rate with
the radiation bath particles is smaller than H. The func-
tion G(Q∗) in Eq. (2.15) accounts for the growth of in-
flaton fluctuations due to its coupling with the radiation
fluid (this comes explicitly from the expression for the
dissipation coefficient Υ, which in general is an explicit
function of the temperature, thus coupling both inflaton
and radiation perturbations). It can only be determined
numerically by solving the full set of perturbation equa-
tions found in WI [19, 37, 50, 51]. According to the
method of the previous works, we use a numerical fit for
G(Q∗). Here we follow the notation used in Ref. [22] and
we consider for the linear dissipation coefficient Υlinear,
that G(Q∗) is given by
Glinear(Q∗) ' 1 + 0.335Q1.364∗ + 0.0185Q2.315∗ , (2.17)
while for the cubic dissipation coefficient, Υcubic, G(Q∗)
is given by
Gcubic(Q∗) ' 1 + 4.981Q1.946∗ + 0.127Q4.330∗ . (2.18)
Note that the CMB data constrains the amplitude of the
scalar curvature power spectrum at a pivot scale k∗ as
being ∆R(k = k∗) ' 2.2 × 10−9, with k∗ = 0.05Mpc−1,
as considered by the Planck Collaboration [7]. This is
the CMB normalization we use in this work.
Given the scalar curvature power spectrum expression,
Eq. (2.15), the tensor-to-scalar ratio r and the spectral
tilt ns follow from their usual definitions, just like in the
CI case,
r =
∆T
∆R
, (2.19)
and
ns − 1 = lim
k→k∗
d ln ∆R(k/k∗)
d ln(k/k∗)
, (2.20)
where ∆T = 2H
2
∗/(pi
2M2p ) is the tensor power spectrum.
Due to the weakness of gravitational interactions, the
tensor modes are expected not to be affected by the dis-
sipative dynamics and ∆T remains essentially unaltered
from the CI result [17] (see also Ref. [55] for a recent
study on the possible changes of the tensor spectrum in
WI).
In Fig. 1 we show the results obtained for both r
and ns in WI for the two forms of dissipative coeffi-
cients given by Eqs. (2.13) and (2.14). For reference,
in each dissipation case, we have indicated the values of
the dissipation ratio Q∗ for which we can find consis-
tency with the Planck results. For the cubic dissipation
coefficient form, we thus find that WI with the quartic
inflaton potential can be rendered compatible with the
Planck data for values of dissipation ratio Q∗ satisfying
1.8 × 10−5 . Q∗ . 0.053. For the case with the linear
dissipation coefficient, even a larger range of values is al-
lowed, given by 4.0 × 10−7 . Q∗ . 3.08. Note that in
CI, for the quartic potential we have that r ' 0.266 and
ns ' 0.95, thus laying well outside the allowed Planck
region. WI dissipative effects effectively decreases the
tensor-to-scalar ratio, making the quartic potential com-
patible with the data (see also Refs. [56, 57] for recent
works showing the compatibility of the quartic potential
in WI with the Planck data).
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FIG. 1: The spectral index ns and the tensor-to-scalar ratio
r in the plane (ns, r) for different values of the dissipation
ratio Q∗ (indicated by the numbers next to the curves), for
the chaotic quartic potential. The blue solid curve shows the
case of a dissipation coefficient which is cubic in the temper-
ature while the black dashed curve shows the case of a dis-
sipation coefficient which is linear in the temperature. The
contours are for the 68% and 95% C.L. results from Planck
2015 (TT+LowP+BKP data).
D. Corrections to the power spectrum from LQC
To get the results given in the previous subsection,
we have considered the dynamics as in the standard GR
case, thus neglecting the LQC correction to the Fried-
mann’s equation (2.7). This is consistent if we compare
the total energy densities in the cases studied here with
the critical density Eq. (2.8). For instance, for the cases
shown in Fig. 1, we have that the largest energy den-
sity for the cubic dissipation case is reached for the value
Q∗ = 1.8 × 10−5. The energy density in this case is
ρ∗ ≡ ρφ,∗ + ρR,∗ ' 3.45 × 10−9M4Pl. For the linear dis-
sipation case this happens at Q∗ = 4.0 × 10−7, with an
energy density ρ∗ ' 3.39×10−9M4Pl. Hence, in both cases
we have that ρ∗  ρcr ' 258.58M4Pl and quantum effects
on the geometry from LQC can be neglected in principle.
However, even though at the background level this can
be certain, we have to evaluate with care the LQC con-
tributions at the perturbation level. In particular, the
power spectrum can receive important contributions due
to LQC, including even the presence of features, as recent
works have shown.
In the cold inflationary scenarios in GR, it is assumed
that the pre-inflationary dynamics does not have any ef-
fect on modes that are observable in the CMB. In these
scenarios, these modes have physical wavelengths smaller
than the curvature radius at the onset of inflation and all
the way back to the Big Bang. Modes with such wave-
lengths do not feel the effects of the curvature, and then
propagates as if they were in flat spacetime, with a trivial
dynamics. However, the situation is different in LQC due
to the distinct pre-inflationary dynamics. In this scenario
some of the relevant modes have physical wavelengths
comparable to the curvature radius at the bounce time.
As showed by Parker [58], modes that experience curva-
ture are excited. So, large wavelength modes are excited
in the Planck regime that follows the bounce. As a con-
sequence, at the onset of inflation, the quantum state of
perturbations is populated by excitations of these modes
over the Bunch-Davis vacuum, changing the initial condi-
tions for perturbations at the onset of inflation [59]. Due
to this, the scalar curvature power spectrum in LQC gets
modified with respect to GR, such that it can be written
as1
∆R(k) = |αk + βk|2∆GRR (k), (2.21)
where αk and βk are the Bogoliubov coefficients, where
the pre-inflationary effects are codified and ∆GRR is
the GR form for the power spectrum, e.g., given by
Eq. (2.15). Below, we follow, in particular, the derivation
done recently in Ref. [60].
Equation (2.21) can be parametrized as
∆R(k) = (1 + δPL)∆GRR (k). (2.22)
The factor δPL in the above equation is k-dependent and
it takes into account the LQC corrections. It is given
by [60]
δPL =
[
1 + cos
(
pi√
3
)]
csch2
(
pik√
6kB
)
+
√
2
√
cosh
(
2pik√
6kB
)
+ cos
(
pi√
3
)
cos
(
pi
2
√
3
)
× csch2
(
pik√
6kB
)
cos(2kηB + ϕk), (2.23)
where ϕk is given by
ϕk ≡ arctan
{
Im[Γ(a1)Γ(a2)Γ
2(a3 − a1 − a2)]
Re[Γ(a1)Γ(a2)Γ2(a3 − a1 − a2)]
}
,
(2.24)
where the a1, a2, a3 are defined as a1,2 = (1±1/
√
3)/2−
ik/(
√
6kB) and a3 = 1− ik/(
√
6kB) and the index B in
the quantities in the above equations indicates that they
are calculated at the bounce. In particular, ηB is the
conformal time at the bounce and kB =
√
ρcraB/MPl is
a characteristic scale at the bounce.
The term in Eq. (2.23) with cos(2kηB + ϕk) oscillates
very fast and has negligible effect when averaging out in
time. The factor δPL then simplifies to
δPL =
[
1 + cos
(
pi√
3
)]
csch2
(
pik√
6kB
)
. (2.25)
Since this pre-factor represents the effects of the pre-
inflationary dynamics, it has the same expression in both
the cold and warm inflationary pictures.
1 Here, we will follow the notation of Ref. [60], where a complete
derivation of these pre-inflationary LQC modifications to the GR
spectrum were given.
6Likewise, the tensor spectrum in the LQC can be writ-
ten as [60]
∆T (k) = (1 + δPL)∆
GR
T (k), (2.26)
where ∆GRT (k) is the tensor spectrum in standard CI. As
already explained in the previous subsection, due to the
weakness of gravitational interactions, ∆GRT (k) in WI has
basically the same expression as in CI. It is remarkable
to note that the pre-factor δPL for both scalar and tensor
perturbations are equal, and are given by Eq. (2.25). As
a result, the tensor-to-scalar ratio is the same as that
given in GR.
As discussed by the authors of Ref. [60], in stan-
dard inflation, in addition to the usual number of e-folds
N∗ ≡ ln(aend/a∗) ≈ 60 required in general, it is necessary
an extra amount of expansion δN ≡ ln(a∗/aB) & 21,
in order for the model to be consistent with observa-
tions. As shown in Ref. [60], after the effects of the pre-
inflationary dynamics are taken into account, the power
spectra are generically scale-dependent and exhibits os-
cillatory features (note that oscillatory features in the
power spectrum in bouncing models is a generic result,
as shown, e.g., recently in Ref. [61]). As a consequence,
in order to be consistent with observations, the universe
must have expanded at least 21 e-folds from the bounce
till Hubble radius crossing at the observables scales, such
as to allow for these scale-dependent features to get suf-
ficiently diluted away and not spoiling the perturbation
spectra of CMB. This is why, in the analysis that will fol-
low below, in addition of the usual minimum 60 e-folds
of inflation (referring to the amount of expansion from
Hubble radius crossing N∗ to the end of inflation), we
will also consider at least 21 additional e-folds from the
bouncing time till N∗. Therefore, we will consider a to-
tal of at least 81 e-folds from the bounce till the end of
inflation, such that any pre-inflationary effects are suffi-
ciently diluted and do not spoil the observed spectrum
(see also Ref. [62] and references therein for a discussion
about these and other LQC effects).
III. ILLUSTRATION OF THE DYNAMICS IN
LQC FOR THE CI AND WI PICTURES
A. The phase space system
It is always useful to look the background dynamics as
a dynamical system. In this way, the inflaton’s equation
of motion, Eq. (2.11), together with φ˙ = dφ/dt and the
time derivative for the Hubble parameter,
H˙=− 1
2M2Pl
(
φ˙2+
4
3
ρR
)[
1− φ˙
2+2V (φ)+2ρR
ρcr
]
, (3.1)
form a three-dimensional (dissipative) dynamical sys-
tem2 in the phase space (φ, φ˙,H). Since the radiation
energy density satisfies ρR ≥ 0 by definition, we thus
have, from Eq. (2.7), that φ, φ˙ and H satisfy the inequal-
ity
H2 ≥ 1
3M2Pl
[
φ˙2
2
+ V (φ)
][
1−
φ˙2
2 + V (φ)
ρcr
]
. (3.2)
Hence, it defines a volume in the phase space (φ, φ˙,H)
such that the physical region ρR ≥ 0 is inside this vol-
ume. In LQC, the upper half of this volume, H ≥ 0,
corresponds to those trajectories that evolve from the
bounce time to the future. In the absence of radiation,
ρR = 0, the equality in Eq. (3.2) represents a surface, or
more particularly in the language of dynamical systems,
an invariant manifold. As a consequence, all initial con-
ditions chosen on this surface will produce trajectories
that evolve on it and end towards the origin. While for
the dissipative system, in which ρR 6= 0, all trajectories
with initial conditions taken inside this volume, they will
evolve inside the volume of the invariant manifold. Tra-
jectories with initial conditions taken externally to the
invariant manifold, will evolve towards it, being this re-
gion then an attractor in phase space. The inflationary
region in this phase space is defined by the condition,
a¨
a
= H˙ +H2 > 0. (3.3)
In Fig. 2 we show an example of phase space volume in
LQC for the case of the quartic potential, Eq. (2.10), with
a fixed value of coupling constant Λ/M4Pl ' 1.51×10−13.
For comparison, we also show the corresponding vol-
ume in the GR case. Note that in LQC, H is naturally
bounded from above, Hmax = 1/(2γλ), as seen explicitly
from Eq. (2.5), while, of course, there is no such upper
bound in GR. In Fig. 2 we have truncated H in the GR
case at the same value of Hmax in LQC for illustration.
The two regions coincide when ρ ρcr, but they depar-
ture from each other as we approach the critical density
value ρcr. The bounce points (shown by the horizontal
dashed curve) in the phase space are clear in Fig. 2. The
invariant manifold is always given by the external surface
of the volumes in Fig. 2. The black line in Fig. 2 shows
an example of trajectory in the phase space in the CI
case, for the quartic coupling value given above, evolving
from the bounce (with kinetic energy dominated initial
conditions) forward in time. We can see that the Hubble
parameter starts from H = 0 at the bounce and then in-
creases until it reaches its maximum value, when it starts
decreasing again, reaching a small positive value. Since it
2 Note that ρR can be expressed in terms of φ, φ˙ and H from the
equation for the Hubble parameter, Eq. (2.7), and, hence, can
be considered as the first integral of Eq. (2.12). Thus, there is
no need to consider ρR as part of the dynamical system.
7is a case in the absence of dissipation (CI), the trajectory
evolves on the invariant manifold.
FIG. 2: The phase space available in the cases of LQC (ex-
ternal orange region) and in GR (internal green region). The
black curve shows an example of a trajectory evolving from
the bounce forward in time. The horizontal dashed curve
indicates the location of the bounce, in the plane (φ, φ˙).
B. Dynamics of WI in LQC
Let us now expose some of the explicit results concern-
ing the dynamics evolution of WI in LQC. As already dis-
cussed in Sec. I, our interest is in investigating those cases
for which the inflationary trajectories will cross the favor-
able Planck region for the observables r and ns. There-
fore, we focus on the results leading to those trajectories
shown in Fig. 1. Each of the indicated dissipative points
shown in Fig. 1 can be regarded as a different model,
whose more fundamental origin can be seen as coming
from some explicit model building for WI, which we have
discussed in Sec. II B (but whose detailed particle physics
specifics we will not be concerned here). Thus, we specify
six cases we are going to analyze, corresponding to the
points shown in Fig. 1: (a) two initial conditions leading
to trajectories passing at the top extrema of the 2σ CL of
the Planck contour, corresponding to the lowest values of
the dissipation (one for each of the two dissipation cases
given previously); (b) two initial conditions (again, one
for each dissipation coefficient form) leading to trajecto-
ries passing at the center values of (r, ns) in the Planck
contour; and finally, (c) two initial conditions leading to
trajectories leaving the right extremum of the 2σ CL of
the Planck contour (corresponding to the cases with the
largest values of dissipation coefficient consistent with the
observational data).
Our numerical strategy is the following: First, the val-
ues of the field, its time derivative and the radiation
energy density are obtained in each of these cases, i.e.,
the values of φ∗ ≡ φ(N∗ = 60), φ˙∗ ≡ φ˙(N∗ = 60) and
ρR,∗ ≡ ρR(N∗ = 60); Then, we extrapolate the dynamics
backwards in time up to the bounce time (which from
now on is assumed to be our initial time, with Ne = 0)
and obtain the respective values of the field, its time
derivative and the radiation energy density at the bounce
in each case, φB , φ˙B and ρR,B . By doing this we are
certain that the evolution from this instant forward in
time will lead to trajectories passing through each of the
points shown in Fig. 1. As already mentioned, we fo-
cus on the cases in which from the bounce initial time
till the inflationary region (with Hubble radius exit at
N∗ = 60), there is at least 21 additional e-folds of evo-
lution, such as to allow enough time to dilute the effects
discussed in Sec. II D. In addition, we will focus essen-
tially in the case of a kinetic energy dominated bounce,
i.e., ρB ∼ ρφ˙,B ≡ φ˙2B/2 ∼ ρcr, with a negligible initial ra-
diation energy density3. Thus, at the bouce, we always
have ρφ˙,B  V (φB)  ρR,B . We make this choice since
this is expected to be the most relevant case concern-
ing the conditions emerging from the bounce (see, e.g.,
Refs. [31, 32]). A bounce dominated by the potential en-
ergy of the inflaton will always lead to extremely large
number of e-folds of inflation (thus inflation is certain).
In the case of a radiation energy dominated bounce, be-
sides not being a common assumption in bouncing mod-
els (see, however, Ref. [63]), it also prevents inflation in
general, except in those cases in which the inflaton po-
tential energy density is large enough such that, as the
radiation energy density dilutes faster, V (φ) can come
to dominate at some point and leading to inflation (see,
e.g., Ref. [15] for a discussion of the initial condition prob-
lem for inflation in this context). Since this later case is
rather model dependent, we avoid addressing such situ-
ation here.
The relevant values of parameters following from the
above described strategy are given in Tab. I. Since all pre-
vious results in CI have focused essentially in the mono-
mial quadratic potential, for completeness we also give
the results of CI for the quartic potential, which will
be useful for future comparison with WI. In Tab. I we
give the results for different inflaton coupling constants
Λ/M4Pl for each of the cases studied. These values enforce
that the amplitude of the primordial scalar power spec-
trum is normalized with the Planck CMB results, i.e.,
∆R(k = k∗) ' 2.2× 10−9. The values of the dissipation
coefficient Q refers to those given in Fig. 1. The values
of φmin and φmax give the range of initial values of in-
3 Note that here we assume that the radiation is produced by the
inflaton dynamics from the bounce instant onwards. We are also
not concerned in this work with any possible dynamics that might
be present prior to the bounce, i.e., in the contracting phase of
the universe.
8TABLE I: The values of parameters used to compute the probabilities.
Case Υ Q∗ Ci Λ/M4Pl φB/MPl φmin/MPl φmax/MPl
CI - - - 1.5115× 10−13 ±9095.1571 −34.3917 13.9391
1.8× 10−5 4.4772× 106 9.7785× 10−14 ±10141.3811 −21.6089 21.6089
WI ∝ T3
φ2
6.7× 10−3 1.1975× 107 5.7204× 10−14 ±11595.9834 −18.3440 18.3440
0.053 1.6377× 107 4.6832× 10−14 ±12190.7109 −16.6455 16.6455
4.0× 10−7 1.1561× 10−6 5.5389× 10−14 ±11689.8322 −35.8902 13.4930
WI ∝ T 0.92 0.0121 1.6506× 10−15 ±28135.362 −22.1514 5.5982
3.08 0.0181 8.0446× 10−16 ±33673.5327 −16.9156 1.4951
flaton amplitude for which we have less that Ne ' 81
e-folds of expansion from the bounce till the end of in-
flation, i.e., for field values satisfying φmin . φ . φmax,
we have Ne . 81 e-folds of expansion. The values of φB
given in Tab. I are the maximum allowed initial values
of the inflaton field, which correspond to the cases of a
bounce dominated by the potential energy V (φ). These
values are used in the definition of the probability that
we are going to compute in the next section following the
method given by the authors in Refs. [31, 32].
In Figs. 3 and 4 we illustrate the dynamics of WI and
we also contrast it with the case of CI. For convenience, in
the WI case, we use the models for which the dissipation
coefficients correspond to the central values in Fig. 1, i.e.,
for Q∗ = 6.7 × 10−3 in the cubic dissipation coefficient
case and for Q∗ = 0.92 in the linear dissipation one.
In Fig. 3 it is shown the evolution of each of the energy
density components, i.e., the potential energy density
V (φ), the kinetic energy density φ˙2/2 and the radiation
energy density ρR. As already clarified before, our initial
conditions at the bounce (where we set Ne = 0 in the nu-
merical calculations) always start with a kinetic energy
dominated regime, with φ˙2B/2 V (φB) ρR,B . Notice
that this refers to a stiff like matter initial evolution (with
equation of state w = 1). The kinetic energy quickly di-
lutes away, since ρφ˙ ∝ 1/a6. Then, around Ne ∼ 5, the
potential energy density starts to dominate and the in-
flationary regime starts. Note that in the CI case, shown
in the panel (a) in Fig. 3, inflation ends when the ki-
netic energy tends to the potential energy value and the
usual (p)reheating phase can follow subsequently. The
situation is different in the two WI cases. As shown in
the panels (b) and (c) in Fig. 3, inflation tends to end
now when the inflaton potential energy density reaches
an equality with the radiation energy density produced
by the dissipative process in WI. As it is typical in WI,
inflation ends entering smoothly into the radiation dom-
inated regime, without a subsequent (p)reheating phase
a priori. In the two panels for the WI examples, we
also see that immediately after the bounce, the radiation
density is still very small relative to the potential energy.
This phase actually corresponds to a superinflation phase
(happening also in the CI case), which is a typical behav-
ior seen for LQC in the presence of scalar fields (see, e.g.,
Refs. [31, 32]). This super inflation regime starts right
after the bounce, when H = 0 and lasts till H reaches its
maximum values (H˙ = 0).
Note also that in the WI case, the fast evolution of
the inflaton field also triggers a large radiation produc-
tion through the dissipative term. The radiation energy
density now raises above the potential energy and this
coincides with the end of the superinflation. From this
point on, the system behaves as radiation dominated and
the radiation energy density decreases as ρR ∝ 1/a4 and
faster than the potential energy density, till the latter
dominates (at around Ne ∼ 8 in the two WI cases shown)
and the regular inflationary regime starts.
The evolution behavior in the three regimes: superin-
flation immediately following the bounce, a noinflation-
ary regime and the inflationary regime, can also be seen
explicitly in Fig. 4, where we show the slow-roll coeffi-
cient
H = − H˙
H2
, (3.4)
an instant after the bounce. It can be clearly seen in all
three panels of Fig. 4 that we have a very short superin-
flation accelerated phase (with H < 0) lasting a fraction
of an e-fold, which, after a very short transient phase, it
is followed by a regular non-accelerated evolution (with
H > 1) that lasts around 4 to 8 e-folds. This phase
is then followed by the regular inflationary phase lasting
around the remaining 73 to 77 or so e-folds.
IV. PROBABILITY OF WI IN LQC
The equation of motion for the volume variable v(t) of
LQC (defined by Eq. (2.1)) and for the inflaton φ(t) can
be written in WI as
v¨ =
3v
M2Pl
[
ρ
(
1− ρ
ρcr
)
− 1
2
(
1− 2 ρ
ρcr
)(
φ˙2 +
4
3
ρR
)]
, (4.1)
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FIG. 3: The evolution (in terms of number of e-folds Ne),
from the bounce till the end of inflation, for the kinetic, po-
tential and radiation energy densities. In the vertical axis,
we have the natural logarithm of the energies densities, with
Ei = V (φ)/Λ, φ˙
2/(2Λ), ρR/Λ denoting the dimensionless en-
ergy density components.
and
φ¨+
v˙
v
φ˙+ Υφ˙+ V,φ = 0, (4.2)
with ρ ≡ φ˙2/2 + V (φ) + ρR in Eq. (4.1).
Here we will follow closely the procedure of Ref. [32]
in their definition of the Liouville measure used in the
definition of the a priori probability of inflation and ex-
tend it to WI. Let us denote the phase space as Γ. It
consists of quadruplets (v, b;φ, pφ), with λb ∈ [0, pi/2]
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FIG. 4: The evolution (in terms of number of e-folds Ne),
from an instant following the bounce till the end of inflation,
for the slow-roll coefficient H .
and pφ = 2piγl
2
Plvφ˙, where lPl ≡ 1/(
√
8piMPl) is the
Planck length. The Liouville measure on Γ is simply
dµL = dv db dφ dpφ. The LQC Friedmann equation im-
plies that these variables must lie on a constraint surface
Γ¯ defined by
3pi
2λ2
sin2 λb = 8piM2Pl
p2φ
2v2
+
piγ2
2M2Pl
[V (φ) + ρR] . (4.3)
The variables (v, b;φ, pφ) evolve via the system of coupled
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equations,
v˙ =
3v
2γ
sin 2λb
λ
, (4.4)
b˙ = −8M2Pl
p2φ
γv2
, (4.5)
φ˙ = 4M2Pl
pφ
γv
, (4.6)
p˙φ = − γ|v|
4M2Pl
(
V,φ + Υφ˙
)
, (4.7)
ρ˙R = −4
3
v˙
v
ρR + Υφ˙
2. (4.8)
We can see that the production of radiation during in-
flation implies in an additional term in the expression of
p˙φ.
By using the above equations we can analyze which
fraction of all possible initial conditions evolves to an in-
flationary stage with the expected amount of slow-roll
expansion. This will give us the probability that a suf-
ficient amount of inflation occurs, which will provide us
with means to address the question of the naturalness
of inflation in the more general context of a dissipative
system. Below we will then compute this probability for
the two models of WI discussed in the previous sections
and for each of the values of dissipation coefficient ratio
(models) given in Tab. I.
In order to compute the probability of WI in LQC we
need to obtain the Liouville measure on the space S of
solutions to the equations of motion (4.1) and (4.2). This
space of solutions S is found to be isomorphic to a gauge
fixed surface, a surface Γˆ of Γ¯ which is intersected by
each dynamical trajectory only once [32]. Since the LQC
variable b is monotonic along dynamical trajectories, we
can choose b = b0 (where b0 is a fixed constant) within
Γ¯. The Liouville measure dµˆL on S is independent of
the choice of b0. The most natural choice in LQC is
to set b0 = pi/2λ, the ’bounce surface’. The induced
measure on S, dµˆL = (pφ/v)dφdv can then be written,
using Eq. (4.3), as,
dµˆ =
1√
8piMPl
{
3pi
λ2
sin2(λb0)
− piγ
2
M2Pl
[V (φ) + ρR]
}1/2
dφdv. (4.9)
Now, if (φ(t), v(t)) is a solution to the equations of the
system and let α be some constant, then (φ(t), αv(t)) is
also a solution, since the rescaling by a constant corre-
sponds to a rescaling of spatial coordinates (or of the fidu-
cial cell) under which physics does not change. Therefore,
this transformation corresponds to a gauge motion [32].
When computing the probabilities we can fix v = v0 in
the integrals and we can define the volume v0 at the
bounce to be 1. v0 rescales the measure by a constant
and therefore drops out in the calculations of probabili-
ties. In conclusion, we made two gauge choices, b = b0
and v = v0.
TABLE II: The probabilities for each of the models repre-
sented by the points shown in Fig. 1. The value for CI is also
shown for comparison.
Case Υ Q∗ P (ENe>81)
CI - - 0.99696
1.8× 10−5 0.99756
WI ∝ T3
φ2
6.7× 10−3 0.99819
0.053 0.998438
4.0× 10−7 0.99758
WI ∝ T 0.92 0.99944
3.08 0.99969
The probability of occurrence of an event E can then
be written as the fractional volume of the region R(E) in
S associated with the solutions in which E occurs. We
can define this probability as
P (E) =
∫
R(E)
dµˆL∫
S
dµˆL
. (4.10)
Therefore, we can consider our gauge choices in Eq. (4.9)
in order to write the probability for the occurrence of a
determined amount of slow-roll inflation as [32]
P (E)=
1
N
∫
I(E)
√
γ2ρcr
8M6Pl
[
1− V (φ) + ρR
ρcr
]1/2
dφ, (4.11)
where we have used Eq. (2.8) and in the integration sign
of the above equation I(E) indicates that the integral
limits correspond to the limits on φ that generates the
determined amount of slow roll inflation. The normaliza-
tion N in Eq. (4.11) is given by
N =
∫ +φB
−φB
√
γ2ρcr
8M6Pl
[
1− V (φ) + ρR
ρcr
]1/2
dφ. (4.12)
Unlike the integral limits in Eq. (4.11), in the expression
for N the integral covers the whole range of possible ini-
tial values for the variable φ. The quantities in the above
expressions are evaluated at the bounce.
For simplicity, firstly we are going to compute the prob-
ability for the occurrence of less than 81 e-folds of expan-
sion from the bounce until the end of inflation, PNe≤81.
The values φmax and φmin, given explicitly in Tab. I,
correspond to the maximum and minimum values, re-
spectively, for the inflaton that gives less than 81 e-folds
of expansion. After computing PNe≤81, the probability
for occurrence of the expected amount of expansion (i.e.,
more than 81 e-folds until the end of inflation) can be
easily obtained as PNe>81 = 1 − PNe≤81. In terms of
the quartic potential for the inflaton, Eq. (2.10), we have
that the probability PNe≤81 can be explicitly expressed
as
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PNe≤81 =
∫ φmax
φmin
√
1−
√
3γ3
6
Λ
M4Pl
[
1
4
(
φ
MPl
)4
+ ρRΛ
]
dφ
∫ +φB
−φB
√
1−
√
3γ3
6
Λ
M4Pl
[
1
4
(
φ
MPl
)4
+ ρRΛ
]
dφ
. (4.13)
Using the values given in Tab. I, the computation of the
quantity PNe>81 = 1 − PNe≤81 is straightforward. Ta-
ble II shows the results for the probability PNe>81 of
occurrence of the expected amount of inflation for all the
inflationary models, represented by the points shown in
Fig. 1. We can see that the probability is always very
close to one in all the cases analyzed. We observe that
the probability for the occurrence of a sufficient amount
of WI is larger (although slightly) than the one for CI.
We also see that in each of the WI models considered, the
probability tends to increase with the dissipation. This
can be interpreted by the fact that in the presence of
dissipation, the trajectories are attracted faster to the
inflationary region and they stay longer there [13, 16].
Thus, the probability tends always to be larger in WI
than in CI.
V. CONCLUSIONS
In this work we have considered the warm inflation-
ary scenario in the context of LQC. We have analyzed
the modifications in the dynamical system due to quan-
tum effects on the geometry from LQC, which produces
a bounce in the place of the singularity of GR. The pres-
ence of the bounce sets the appropriate conditions where
a Liouville measure can be defined properly and proba-
bilities be computed. We have then taken advantage of
this to extend previous analysis of the a priori probabil-
ity in the CI picture to the case of WI. We have focused
our analysis for the case of a monomial quartic poten-
tial for the inflaton, which despite being excluded in the
CI case, it is not in WI. We have then obtained the ap-
propriate conditions for which the consistency with the
Planck data is assured. From these, we were able to
determine the initial conditions set at the bounce which
would lead to trajectories in the phase space exactly pass-
ing through the allowed Planck region in the (r, ns) plane.
Our results have demonstrate that in WI we have a su-
perinflation phase, as expected in general, followed by
a noninflationary radiation dominated region, followed
then by the usual slow-roll inflationary region, lasting
long enough. In the examples given, we have also shown
that this inflationary region can end smoothly in a ra-
diation dominated regime, as is expected in general in
WI.
Our results for the probability for the occurrence of
at least 81 e-folds of inflation in the WI models were all
consistently higher that in the CI picture. Furthermore,
with the monomial quartic inflaton potential used and
for the different dissipation coefficients considered, these
favorable trajectories are all consistent with the Planck
data. This is opposite to what happens in the CI case.
In CI, despite the probability of trajectories with enough
e-folds of inflation is highly probable, none of them is
able to satisfy the observations.
It would be interesting, as a future work, to also study
other different inflationary potentials for WI in the LQC
context. In addition, a close connection with model
building in WI, in the lines of e.g. Ref. [37], would also
help to access these probabilities in terms of the micro-
scopic parameters (i.e., the couplings and energy scales)
of the model. This could help in constraining further
these parameters and helping in the model building for
WI.
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